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Abstract. In this paper we perform the semiclassical analysis of a pair of resonances in the case
of a quasi-symmetrical unstable double well. We consider two kinds of asymmetric perturbations:
one supported in the infinite external well, the other one of the Stark kind. We prove that the
first perturbation is able to localize each state inside one of the internal wells so that we have
linear Stark effect and vanishing of the splitting at the crossing point of the two resonances.
This phenomenon is critical in the ratio between the internal and external barrier lengths, and
the critical value of the ratio is close to two. Possible applications to the molecular structure
and to the vanishing of the inversion frequency are briefly discussed.

1. Introduction

Among the beautiful results in semiclassical quantum mechanics we have the double well
localization for small perturbations restricted to the barriers [3, 9, 12]. Such localization of
a pair of bound states is associated to a small growing of the splitting.

Let us consider the Stark effect for this model with very weak fields (of the order of
the splitting). If we plot the graphic of the first two levels as functions of the field strength,
we can see that the localization region (for all the parameters) is the one where we have
a locally linear (not quadratic) behaviour with respect to the field. But, if we take a field
strength sufficiently large to give the crossing of the levels, we lose the localization and
actually we have an avoided crossing and a quadratic Stark effect at the crossing point.

Now, considering the molecular structure effect, as for instance in the ammonia case,
we observe the vanishing of the splitting (i.e. the inversion frequency) together with the
occurrence of localization. Indeed, the experimental data show that the inversion frequency
decreases regularly to zero as the environment action (i.e. the gas pressure) increases.
Moreover the Stark effect is expected to be linear in this case [15]. Of course, all the
explanations of the molecular structure are related to the existence of perturbations due
to the environment. Obviously the localized states are not considered to be stationary
eigenstates of the symmetrical molecular operator.

The racemization effect shows the instability of the molecules, at least at high
temperature [6].
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A complete model of the molecular structure should take into account both the formation
of chains of molecules and the occurrence of molecular collisions.

One particular model concerns the non-linear Stark effect due to the reaction field
generated by the asymmetric molecules [1, 2, 4]. In such a model we have localization,
but the splitting vanishes in a discontinuous way because of the selection rules. Another
simple model was proposed a long time ago by Margenau [11]. It consists in a system of
two double wells representing the shape potential of two close molecules. In this case we
have two different inversion frequencies, and actually the smaller one is more relevant in
the radiation spectrum. This model gives reasonable results for intermediate pressures, but
it is not able to give the vanishing of the inversion frequency at high pressure.

We propose here, as a simplified molecular model, a time independent one consisting
in an unstable symmetrical double well, ordouble volcano, with small perturbations. The
instability comes from the shape of the potential, with an infinite well connected by tunneling
to the double well. The shape of the potential suggests the picture of adouble well in an
island [8] or a double volcano on the ocean. This model appears as a prototype and a
research laboratory of splitting instability in the quasi-symmetrical case. Actually, with
such a model, extended to the many dimensional case and using modern techniques of
analysis, we obtain all the effects we have in molecules: localization stable with respect
to the Stark effect, linear Stark effect and vanishing of the splitting at the crossing point.
In order to show what happens in a simpler way, we start with a toy model which can
be treated with elementary methods. In this model it is possible to have vanishing of the
splitting at a very small electric field (with respect to the splitting), and this happens when
the depth of the ocean is of the order of the semiclassical parameter.

In all our models we have a parameter usually considered fixed: the instability one
related to the ratio between the internal barrier length and the external one. We show that
the results of stable localization, linear Stark crossing and vanishing of the splitting are all
dependent on the instability parameter. We fix a critical value of the instability parameter,
depending on the beating effect of the double well, above which (that is in the hypercritical
case) we obtain stable localization by means of a very small external perturbation. For this
value of the instability parameter the inter-well barrier length is twice the external one, and
equivalently the mean life of the system is equal to the beating period of the symmetrical
problem.

Since the molecular structure represents the persistence of classical notions in
microscopical systems (actually non-isolated!), then it is an example of strong instability in
the semiclassical limit. In particular we observe instability of delocalization and splitting.
The practical result is the small relevance of quantum stationary states and the long
persistence of metastable localized states [15]. Since we expect the localized states to
be metastable [15], we introduce an instability in the system as given by the environment.
In such a way we are able to have both localization and vanishing of the splitting for small
asymmetric perturbations if the instability is hypercritical. This could explain the transition
from a quantum to a classical behaviour at a finite semiclassical parameter as it happens in
nature. Actually, in order to compare with physics, we should prove the existence of this
critical effect in time-dependent unstable models.

Now, let us describe better the models and the results.
As a toy model in one dimension we consider a potential with two steps and two delta

functions. We take the ocean depth small and a flat perturbation extending throughout one
half of the ocean. In this case we have no need of the Stark effect for the vanishing of the
splitting at the leading order.

Then, the model of molecular potential we consider consists of a symmetrical unstable
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double well (i.e. double volcano) potential in any dimension, with enough regularity in
order to use the Helffer–Sjöstrand method, or also, when it is possible, the external
complex scaling. In this model the molecular metastable states are delocalized in the
double well region (i.e. the island). Such a delocalization can disappear when we introduce
an exponentially small (with respect to the semiclassical parameter ¯h) perturbation which
causes the breakdown of the symmetry. For completeness we consider two different kinds
of perturbations. The first one, called internal perturbation (section 5.2), is given by means
of a potential which is a non-negativeC∞

0 function with its support inside the island, but
far from each well. With such a perturbation we are able to extend the localization results
of Simon [12] to the unstable case, but we do not obtain the splitting instability results
we announced above. The second one, called external perturbation (section 5.3), is able
to give all the desired results. It consists in a potential defined by a non-smooth function
with compact support contained in the ocean. More precisely, we assume that the external
perturbation is given byW = w11W wherew is a positiveC∞ function and 11W is the
characteristic function of a compact setW with smooth boundary.

Let us quote our previous paper [5] where we discuss a model having a large asymmetry,
but otherwise being similar to the present one. In that paper we discuss the transition from
anti-crossing to crossing of Stark effect resonances for growing instability.

The paper is organized as follows: in section 2 we discuss the toy model; in section 3 we
give the general notations and we discuss the class of models we consider; in section 4 we
briefly recall the definition of resonances given by Helffer and Sjöstrand [8] and we consider
the single volcano resonances; in section 5 we consider the double volcano resonances in
the absence of asymmetric perturbation (section 5.1), with internal asymmetric perturbation
(section 5.2), with external asymmetric perturbation (section 5.3) and with both external
perturbation and the Stark effect (section 5.4); in the appendix we consider the perturbation
norm.

2. The toy model

As a continuation of the introduction let us discuss a simple model which can be solved
explicitly by elementary methods. Since the discussion is very similar to the one of the real
model, with similar results, it is useful for a better understanding of the problem. Actually,
we now consider a case where the imaginary part of the resonances is more sensitive to the
perturbation than its real part. We treat exactly the case in which we have the vanishing
of the splitting at very small field strength. In particular we make the depth of the ocean
vanish in the semiclassical limit.

Let us consider the Hamiltonian:

H = − d2

dx2
+ Vd(x). (2.1)

The symmetrical potential with the Stark perturbation is given by:

V0(x) = −γ + (α + γ )11[−2−ε,2+ε](x)− b−δ(x + 1 + ε)− b+δ(x − 1 − ε) (2.2)

whereb± = β(1 ∓ φ), α = β2/4, ε, β, γ ∈ R+, φ ∈ R and δ(x) is the Dirac’sδ. The
perturbed potential is:

Vd(x) = V0(x)+ d11[2+ε,∞)(x) (2.3)

whereγ > d. If we consider the Sommerfeld solutions at±∞, respectively, and we match
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their logarithmic derivatives at the origin, we get an equation for the two resonances:

κg−(2 + ε)− b−f−(1)c(1 + ε)

κf−(2 + ε)− b−f−(1)s(1 + ε)
= −κg+(2 + ε)− b+f+(1)c(1 + ε)

κf+(2 + ε)− b+f+(1)s(1 + ε)
(2.4)

where

f±(x) = c(x)− i(k±/κ)s(x) g±(x) = s(x)− i(k±/κ)c(x) (2.5)

c(x) = cosh(κx) s(x) = sinh(κx) (2.6)

and

κ = √
α − E k− =

√
E + γ k+ =

√
E + γ − d. (2.7)

We consider the semiclassical regime for 1/β small, and we takeφ exponentially small
with respect to the semiclassical parameter 1/β. Thus, we get the approximate equation:

η − γ− − φ − µ

η − γ− − φ + µ
− η − γ+ + φ − µ

η − γ+ + φ + µ
∼ 0 as

1

β
→ 0 (2.8)

where:

γ± = 1 + ik±/κ
1 − ik±/κ

∼ 1 + i
4k±
β

η =
(

2κ

β
− 1

)
e2κ µ = e−2εκ . (2.9)

The solutionsη of the approximate equation are:

η± = (γ+ + γ−)/2 ±
√

[(γ+ − γ−)/2 − φ]2 + µ2. (2.10)

So, we see that<η± (and the corresponding positions of the resonancesE± ∼ −2αe−β<η±)
as functions ofφ cross each other atφ = 0 with nearly linear behaviour ifγ+ −γ− is nearly
imaginary as shown above, and [=(γ+ − γ−)]2 � 4µ2, i.e. if

(k+ − k−)2/β2 ∼
(√
γ −

√
γ − d

)2
/β2 � 4 exp(−2βε). (2.11)

The last inequality is satisfied ifε vanishes with the semiclassical parameter, with the
condition:

ε � ln(β)/β. (2.12)

Thus, even in this simple model we have the critical instability when the external barrier is
nearly one half of the internal one (i.e.ε small).

3. General notations

We consider the semiclassical Schrödinger operator formally defined onL2(Rn):

P := −h̄21+ V (x) (3.1)

where V (x) is a symmetrical unstable double-well potential (simplydouble volcanoor
double well in the following). More precisely,V (x) is aC∞(Rn,R) function such that

lim sup
|x|→∞

V (x) < 0 and {x ∈ Rn : V (x) 6 0} = {x1, x2} ∪ U (3.2)

and there exists a symmetryS with respect to a hyperplane such that

[V,S] = 0. (3.3)

The unbounded setU is calledocean(or alsoinfinite external well) and {x1} and {x2} are
called wells, the open seẗO:= Rn\U is called island. By means of a suitable choice of
coordinates we simply assume that

(Sf )(x1, x2, . . . , xn) = f (−x1, x2, . . . , xn) (3.4)
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hencex2 = Sx1 provided thatSx1 6= x1. In the following we assume that the two minima
are non-degenerate, that is

V (x`) = 0 ∇V (x`) = 0 [HessV ](x`) > 0 ` = 1, 2. (3.5)

Now, let

Pν := P + νW (3.6)

be the perturbed double well operator whereν is a real parameter and whereW is a bounded
perturbation which causes the breakdown of the symmetry, i.e.

SW 6= WS. (3.7)

We consider two different classes of perturbationsW : internal perturbations, where
W is aC∞

0 (Rn,R) non-negative function with compact supportW disjoint from the wells
and such thatW∩Ö6= ∅, and external perturbations, whereW = w11W , w is a positive
C∞(Rn,R) function and 11W is the characteristic function on a compact setW contained in
U and with smooth boundary, i.e. 11W(x) = 1 if x ∈ W and 11W(x) = 0 if x /∈ W.

Let

S0 := ρ(x1, x2) (3.8)

be the Agmon distance between the two wells{x1} and{x2} and let

S` := ρ(x`, U) := inf
x∈∂U

ρ(x`, x) S := S1 = S2 (3.9)

be the Agmon distance between each well and the oceanU . Let s` be the Agmon distance
between the well{x`} and the support of the perturbation:

s` := ρ(x`,W) W := suppW (3.10)

and let

s := min{s1, s2}. (3.11)

The Agmon (pseudo-)distance onRn is defined as

ρ(x, y) := ρV (x, y) = inf
γ
Lγ x, y ∈ Rn (3.12)

where the infimum is taken on the possible piece-wiseC1 pathsγ connecting the two
pointsx andy and whereLγ is the length of the pathγ with respect to the Agmon metric
ds2 := max[0, V (x)]+dx2.

We consider the following two cases:
S sub-critical case: S0 < 2S; thus the minimal geodesics connecting the two wells are

contained in the open setÖ;
H hypercritical case: there are not minimal geodesics of length less than or equal to

2S connecting the two wells and contained inÖ (see figure 1), thusS0 = 2S for n > 1 and
S0 > 2S for n = 1.

We don’t dwell on the critical case, corresponding toS0 = 2S and where there exists
at least a minimal geodesic connecting the two wells and contained inÖ, even if it can be
treated similarly to the hypercritical case.

In the hypercritical caseH we assume:

B(x1, S) ∩ B(x2, S) ∩ ∂Ö = ∅ (3.13)

where

B(A, δ) := {x ∈ Rn : ρ(x,A) < δ} (3.14)

that is the endpoint of each minimal geodesic, connecting the well{x1} with the oceanU ,
does not coincide with the one of a minimal geodesic connectingU with the other well
{x2}.
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Figure 1. Let γ`, ` = 1, 2, be a minimal geodesic connecting thewell {x`} with the ocean
U . The Agmon length ofγ` is S. In the hypercritical caseH we have that the path given by
γ1 +0+ γ2, where0 is any path contained in theoceanU and linking the endpoints ofγ1 and
γ2, has Agmon length 2S. Any local geodesicγ0 connecting the wells and contained inÖ has
length strictly greater thanS0 = 2S.

Remark 1. Let us stress that assumption (3.13) is very general and actually implies

B(x1, S) ∩ B(x2, S) = ∅ (3.15)

in the caseH. Moreover, let us note that the oceanU is a connected set since (3.2) for
n > 1; for this reason (using the triangular inequality) we haveS0 = 2S in the hypercritical
case and forn > 1. The results we give in the next sections for this class of models still
hold for one-dimensional models even if the ocean of a one-dimensional double volcano
model is not connected.

In the following let us drop the dependence onν and h̄ where this does not cause
misunderstanding and letC denote a generic positive constant.

4. Single volcano resonances

We define resonances in the Helffer–Sjöstrand framework where the potential considered
admits real-analytic extension outside of a compact set and satisfies non-trapping conditions.
By assuming that the potentialV satisfies hypotheses 1–3 given in the appendix we introduce
a family of Hilbert spaces{Ht

s}s (see the appendix) for any 0< t < t?, wheret? > 0 is
fixed and independent of ¯h constant. The multiplicative operator defined as

W : Ht
2 → Ht

0 (4.1)

is norm bounded with bound (see lemma A.1 in the appendix)

‖W‖L(Ht
2,Ht

0)
6 C1eC2t/h̄ (4.2)
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for some constantsC1 > 0 andC2 > 0, whereC2 = 0 if W ⊂ Ö. Here we choose

t? < c
s

1 + C2
c = 1

20
and |ν| 6 e−C̃t?/h̄ C̃ := 2C2 + 1. (4.3)

The choice of the numerical value ofc will be justified in remark 5.
From (4.2) it follows that the resonance operatorP tν , formally defined byPν from Ht

2 to
Ht

0, is well defined and the resonances ofPν are defined as the eigenvalues ofP tν for some
t > 0 (see [8] and see also theorem 1 and definition 2 in [5]). The strategy to compute the
first level resonances of the double well operatorPν is the same we used in [5]: we start
by studying the first level resonance of the two single well operators obtained by filling one
well, and then we consider the interaction between the two wells.

Let V1 be aC∞
0 (Rn, [0, 1]) function with support contained inB(x2, η) and such that

V (x)+ V1(x) > 0 for anyx ∈ B(x2, η), where 0< η < s/3 is fixed and small enough.V2

is defined as

V2 = SV1. (4.4)

By construction, the single well operatorP` := P +V`, ` = 1, 2, admits exactly one single
well resonancez`(h̄) := z`(h̄, η) close to the ground statee1h̄ of the harmonic oscillator
associated, wheree1 = ∑n

j=1

√
λj and where 2λj > 0 are the eigenvalues of the Hessian

matrix of the potentialV at the minimum. That isz`(h̄) is an eigenvalue of

P t` : Ht
2 −→ Ht

0 (4.5)

for some 0< t < t? small enough, with associated eigenfunctionϕ`(x; h̄) := ϕ`(x; h̄, η)
independent oft .

Remark 2. Since (3.3) and (4.4) it follows that

SP1 = P2S (4.6)

and so

z̃(h̄) := z1(h̄) = z2(h̄) and ϕ1 = Sϕ2. (4.7)

Let us now recall the following properties (see [8] and theorem 7 in [5]).
The imaginary part of the resonancez`(h̄) is exponentially small, that is

|=z`(h̄)| = Õ(e−2S/h̄) ash̄ → 0 (4.8)

whereg = Õ(f ), for two given functionsf andg, means that there existsε = ε(η) > 0
and a positive constantCη independent of ¯h, such that|g| 6 Cηeε/h̄|f | as h̄ goes to zero,
with ε(η) → 0 asη → 0.

If the potential is analytic on a neighbourhood of the minimal geodesics connecting the
well {x`} with the oceanU we have that

=z`(h̄) = −φ`(h̄, η)e−2S/h̄ C−1h̄1/2 6 φ` 6 Ch̄1−n/2 (4.9)

for some positiveC.
The eigenfunctionϕ`(x; h̄) associated toz`(h̄) can be normalized as

(ϕ`, ϕ`) = 1 (4.10)

where(·, ·) denotes the Euclidean bilinear form

(u, v) := 〈u, v̄〉L2 =
∫
u(x)v(x) dx. (4.11)
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The eigenfunctionϕ`(x; h̄) satisfies to the following behaviour together with its
derivatives:

ϕ`(x; h̄) = Õ(e−ρ(x,x`)/h̄) uniformly for x ∈ � ash̄ → 0 (4.12)

where� ⊂ Rn is any bounded open domain. Moreover, letB` be the union of all null-
bicharacteristic curves ofξ2 + V (x) starting fromB(x`, S) ∩ ∂Ö; then for any compact set
K ⊂ Rn\(B` ∪ B(x`, S)) there existsε0 := ε0(K) > 0 such that

ϕ`(x; h̄) = O(e−(S+ε0)/h̄) ash̄ → 0 (4.13)

uniformly for x ∈ K (see proposition 9.12 of [8]).
By restrictingx to the set�`, consisting ofx` and of the interior of the union of all

minimal and regular geodesics fromx` to some point ofÖ of length strictly less thanS,
we have that

ϕ`(x; h̄) = h̄− n
4 a`(x; h̄)e−ρ(x,x`)/h̄ x ∈ �` (4.14)

wherea`(x; h̄) is a classical symbol admitting real asymptotic expansion as ¯h goes to zero

a`(x; h̄) ∼ a0
` (x)+ h̄a1

` (x)+ · · · a0
` (x) > 0. (4.15)

Now, by using these results and by means of perturbative techniques, we compute the
first-level resonance of the single well operator formally defined by

Pν,` := P` + νW. (4.16)

Let

J (δ) := [0, (e1 +3)h̄] × [−iδ, 0] δ > 0 and3 := min
j

√
λj (4.17)

be a box containing the first level resonancesz`(h̄) of P` and let

P̃ν := Pν + V1 + V2. (4.18)

From the Helffer–Sj̈ostrand results [8] and the regular perturbation theory it follows that for
0< t < t? fixed and small enough the operator

P tν,` : Ht
2 → Ht

0 (4.19)

has discrete spectrum in a neighbourhood of 0 and so the boxJ (δ) is disjoint from the
essential spectrum ofP tν,` for positiveδ small enough.

We can state the following theorem:

Theorem 3. For any 0< t < t?, there exists ¯h0 > 0 and δ > 0 such that for any
h̄ ∈ (0, h̄0] and for any|ν| 6 e−C̃t?/h̄ each operatorP tν,`, ` = 1, 2, has exactly one eigenvalue
zν` (h̄) := zν` (h̄, η) in the boxJ (δ) and it is given by:

zν` (h̄) = z̃(h̄)+ ν(Wϕ`, ϕ`)+ R(ν, h̄) (4.20)

where

R(ν, h̄) = −ν2((P̃ tν − z̃(h̄))−1Wϕ`,Wϕ`)+ νÕ(e−5ξ/h̄) ash̄ → 0 (4.21)

andξ = 1
2s − C2t .
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Proof. By constructionP̃0 has both wells filled and so we have that(P̃ t0 − z) is invertible
and the inverse operator is uniformly norm bounded for anyz ∈ J (δ) for δ > 0 small
enough (see, for instance, proposition 9.3 and lemma 9.4 in [8]). Then, forν small enough,
(P̃ tν − z) is invertible for anyz close to z̃(h̄) with uniformly bounded inverse operator.
Indeed, for someδ > 0

(P̃ tν − z)−1 = (P̃ t0 − z)−1
[
1 + νW(P̃ t0 − z)−1

]−1
(4.22)

is uniformly norm bounded with respect to ¯h andz ∈ J (δ) for anyν such that|ν| 6 e−C̃t?/h̄

since (4.2), (4.3) and since(P̃ t0 − z)−1 is norm bounded. Moreover:

Lemma 4. The kernel of the resolvent of(P̃ tν − z) is exponentially decreasing off the
diagonal:

K(P̃ tν−z)−1(x, y) = Õ(e−ρ(x,y)/h̄) x, y ∈ Rn ash̄ → 0 (4.23)

for any z ∈ J .

Proof. If W is a C∞
0 function with support insideÖ then the result follows from

proposition 9.3 and lemma 9.4 of [8]. In any case we have thatW is a L∞ function
compactly supported and then we can write

(P̃ tν − z)−1 = (P̃ t0 − z)−1
∞∑
k=0

(−ν)k[W(P̃ t0 − z)−1
]k

(4.24)

which converges since (4.3). Now, let{ψyj }N0
j=1, N0 ∈ N, be a partition of unit adapted to

the support ofW :

W ≡ W8 8 :=
N0∑
j=1

ψyj (4.25)

and with

suppψyj ⊂ {x ∈ Rn : |x − yj | 6 ε} (4.26)

whereε > 0 is arbitrary. Letx0, y0 ∈ Rn and letχx0 and χy0 be cut-off functions with
supports close enough tox0 andy0; we have that

‖χx0(P̃
t
ν − z)−1χy0‖L(Ht

0,Ht
2)

= ‖χx0(P̃
t
0 − z)−1

∞∑
k=0

(−ν)k[W(P̃ t0 − z)−1
]k
χy0‖

= ‖χx0(P̃
t
0 − z)−1

∞∑
k=0

(−ν)k[8W8(P̃ t0 − z)−1
]k
χy0‖

6
∞∑
k=0

‖W‖k|ν|k
N0∑

j,j ′=1

‖χx0(P̃
t
0 − z)−1ψyj ‖ · ‖ψyj ′ (P̃ t0 − z)−1χy0‖

×
( N0∑
j,j ′=1

‖ψyj (P̃ t0 − z)−1ψyj ′ ‖
)k−1

and then, using that the result is true for(P̃ t0 − z)−1 and the norm estimate (4.2) of the
perturbation, we get that there existsε′ = ε′(ε) > 0, whereε′(ε) → 0 asε → 0, and a
positive constantCε independent of ¯h such that

‖χx0(P̃
t
ν − z)−1χy0‖L(Ht

0,Ht
2)

6 Cεe
(ε′−ρ(x0,y0))/h̄

∞∑
k=0

(|ν|N0Cε‖W‖eε
′/h̄)k.

The result follows forε andh̄ small enough since|ν| 6 e−C̃t?/h̄ whereC̃ = 2C2 + 1> 0. �
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Let now

P`(z) : Ht
2 ⊕ C −→ Ht

0 ⊕ C (4.27)

be the Grushin type operator acting as

P`(z) =
(
P t` − z ϕ`
(·, ϕ`) 0

)
. (4.28)

It is invertible for z close toz̃ with inverse

P−1
` (z) : Ht

0 ⊕ C −→ Ht
2 ⊕ C (4.29)

given by

P−1
` (z) =

(
E`(z) E+

`

E−
` E−+

` (z)

)
(4.30)

where

E`(z) = (P̂ t` − z)−1 E+
` = ϕ` E−

` = (·, ϕ`) E−+
` (z) = z − z̃ (4.31)

and wherêP t` = (11 −5`)P
t
` (11 −5`) and5` is the spectral projection ofP t` on the vector

ϕ`: i.e.5`ϕ = (ϕ, ϕ`)ϕ`. Now, let

Pν,`(z) : Ht
2 ⊕ C −→ Ht

0 ⊕ C (4.32)

be the Grushin type operator acting as

Pν,`(z) =
(
P tν,` − z ϕ`
(·, ϕ`) 0

)
(4.33)

and let

Eν,`(z) : Ht
0 ⊕ C −→ Ht

2 ⊕ C (4.34)

be the operator acting as

Eν,`(z) =
(
Ẽ`(z) E+

`

E−
` E−+

` (z)

)
(4.35)

where

Ẽ`(z) = E`(z)ψ + (P̃ tν − z)−1(1 − ψ) (4.36)

andψ ∈ C∞
0 (Rn, [0, 1]) is such thatψ ≡ 1 on B({x1, x2}, 1

2s − η) andψ ≡ 0 for any
x /∈ B({x1, x2}, 1

2s), whereη has been previously defined.
Now, we have that

Pν,`(z)Eν,`(z) = 11 + Kν,`(z) Kν,`(z) =
( K1,1(z) K1,2(z)

K2,1(z) K2,2(z)

)
(4.37)

where

K1,2(z) := K1,2 = νWϕ` K2,2(z) := K2,2 = 0 (4.38)

and where for any test functionu ∈ Ht
0 we have

K1,1(z)u := K1,1u = νW(P̂ t` − z)−1ψu− V`′(P̃ tν − z)−1θ + ϕ`(θ, ϕ`)

and

K2,1(z)u := K2,1u = ((P̂ t` − z)−1ψu, ϕ`)+ ((P̃ tν − z)−1θ, ϕ`)

= ((P̃ tν − z)−1θ, ϕ`)
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with `′ = 1 if ` = 2, `′ = 2 if ` = 1, andθ := (1−ψ)u. From (4.12),ρ(W, suppψ) > 1
2s,

ρ(suppV`′ , supp(1 − ψ)) > 1
2s − 2η and since the kernels of(P̃ tν − z)−1 and (P̂ t` − z)−1

are exponentially decreasing outside the diagonal (see lemma 4 and proposition 9.3 and
lemma 9.4 of [8]), then we obtain that

‖K1,1‖ = Õ(e−ξ/h̄) ‖K1,2‖ = Õ(e−2ξ/h̄) ‖K2,1‖ = Õ(e−ξ/h̄) (4.39)

ash̄ goes to zero. In particular, we have

‖Kν,`(z)‖ = Õ(e−ξ/h̄) ash̄ → 0. (4.40)

Let us point out that this asymptotic behaviour is uniform for anyz in a neighbourhood of
z̃ and it holds also for the derivative ofKν,`(z) with respect toz. From (4.37) and (4.40)
it follows that Pν,`(z) admits a right inverse given by:

P−1
ν,` (z) =

(
Eν,`(z) E+

ν,`

E−
ν,` E−+

ν,` (z)

)
= Eν,`(z)

∞∑
k=0

[−Kν,`(z)
]k

(4.41)

and in the same way the existence of the left inverse follows. By construction we also have
that z ∈ σ(P tν,`) if and only if E−+

ν,` (z) = 0. Therefore, it remains to computeE−+
ν,` (z). In

order to do this we have that as ¯h goes to zero:

E−+
ν,` (z) = E−+

` (z)− E−
` K1,2 + E−

` K1,1K1,2 + E−+
` (z)K2,1K1,2

−E−
` (K2

1,1K1,2 + K1,2K2,1K1,2)+ E−+
` (z)K2,1K1,1K1,2

+E−
` (K3

1,1K1,2 + K1,2K2,1K1,1K1,2 + K1,1K1,2K2,1K1,2)

+E−+
` (z)(K2,1K2

1,1K1,2 + K2,1K1,2K2,1K1,2)+ O(‖K1,2‖ · ‖Kν,`(z)‖4)

= E−+
` (z)− E−

` K1,2 + E−
` K1,1K1,2 + E−+

` (z)K2,1K1,2

−E−
` K2

1,1K1,2 + E−+
` (z)K2,1K1,1K1,2 + Õ(νe−5ξ/h̄)

= z − z̃− ν(V`′(P̃ tν − z)−1Wϕ`, ϕ`)+ ν(z − z̃)((P̃ tν − z)−1Wϕ`, ϕ`)

+Õ(νe−5ξ/h̄).

Indeed:

E−
` K1,2 = (K1,2, ϕ`) = ν(Wϕ`, ϕ`)

E−
` K1,1K1,2 = (K1,1K1,2, ϕ`)

= −ν[(V`′(P̃ tν − z)−1Wϕ`, ϕ`)− (Wϕ`, ϕ`)]

E−+
` K2,1K1,2 = ν(z − z̃)((P̃ tν − z)−1Wϕ`, ϕ`)

E−
` K2

1,1K1,2 = (K2
1,1K1,2, ϕ`) = ν(K2

1,1Wϕ`, ϕ`)

= −ν[(K1,1V`′(P̃ tν − z)−1Wϕ`, ϕ`)− (K1,1ϕ`, ϕ`)(Wϕ`, ϕ`)]

= −ν[ν((P̂ tν − z)−1V`′(P̃ tν − z)−1Wϕ`,Wϕ`)+ Õ(e−5ξ/h̄)]

= ν[Õ(e−6ξ/h̄)+ Õ(e−5ξ/h̄)] = νÕ(e−5ξ/h̄)

and

E−+K2,1K1,1K1,2 = ν(z − z̃)((P̃ tν − z)−1(1 − ψ)K1,1Wϕ`, ϕ`)

= ν(z − z̃)((P̃ tν − z)−1(1 − ψ)ϕ`, ϕ`)(Wϕ`, ϕ`)

= νÕ(e−5ξ/h̄)
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sinceψW ≡ 0,Wϕ` = Õ(e−2ξ/h̄), V`′(P̃ tν−z)−1W = Õ(e−2ξ/h̄) and(1−ψ)ϕ` = Õ(e−s/2h̄).
Moreover, the second resolvent formula gives

(z − z̃)((P̃ tν − z)−1Wϕ`, ϕ`) = (Wϕ`,−ϕ` + (P̃ tν − z)−1(νW + V`′)ϕ`)

and so we obtain as ¯h goes to zero:

E−+
ν,` (z) = z − z̃− ν

[
(Wϕ`, ϕ`)− ν

((
P̃ tν − z

)−1
Wϕ`,Wϕ`

) − Õ(
e−5ξ/h̄

)]
.

Therefore, the solution ofE−+
ν,` (z) = 0 is given by the fixed point theorem:

zν` = z̃+ ν[(Wϕ`, ϕ`)− ν((P̃ tν − z̃)−1Wϕ`,Wϕ`)+ Õ(e−5ξ/h̄)]

so proving the theorem. �

Remark 5. If W ⊂ Ö then we have thatC2 = 0 and soξ = 1
2s. Thus the remainder

becomes

R(ν, h̄) = −ν2((P̃ tν − z̃(h̄))−1Wϕ`,Wϕ`)+ νÕ(e−5s/2h̄). (4.42)

In contrast, ifW ∩ U 6= ∅, thenC2 6= 0 in general and so the remainder becomes

R(ν, h̄) = −ν2((P̃ tν − z̃(h̄))−1Wϕ`,Wϕ`)+ νÕ(e−9s/4h̄) (4.43)

since (4.3) wherec = 1
20.

Remark 6. Let ϕν` := ϕν` (x; h̄), ` = 1, 2, be the eigenvector ofP tν,` associated tozν` (h̄).
Then, it can be normalized in the sense that(ϕν` , ϕ

ν
` ) = 1. Moreover, when the perturbation

W is given by aC∞
0 function, it satisfies to the asymptotic behaviours (4.12), (4.13) and

(4.14) already given forϕ` because of the results of Helffer and Sjöstrand [8] applied toP ν`
and where the Agmon distance does not change, i.e.ρ := ρV again, since the perturbative
parameterν is exponentially small in ¯h. As for the external perturbation case, where
the perturbationW is given by a non-smooth function, we have again similar asymptotic
behaviours because the support of the perturbation is a compact set contained in the ocean
U . More precisely, by using a perturbative argument, we have that for any compact setK

contained inȮ\B(x`, S) there existsε0 := ε0(K) > 0 such that

ϕν` (x; h̄) = O(e−(S+ε0)/h̄) ash̄ → 0 (4.44)

uniformly for anyx ∈ K and for any|ν| 6 e−C̃t?/h̄. Indeed, we have thatϕ`ν is given, up
to a normalization constant, by

ϕν` = − 1

2πi

∮
∂J

(P tν,` − z)−1ϕ` dz

= ϕ` +
∞∑
k=1

(−ν)k
2π i

∮
∂J

(P t` − z)−1[W(P t` − z)−1]kϕ` dz

and so (4.44) follows by using that the result is true forν = 0 and proving, as in the proof
of lemma 4, that the remainder terms can be estimated byO(e−(S+ε0)/h̄) uniformly onK
for someε0 > 0 ash̄ goes to zero. In the same way (4.12) and (4.14) follow too.
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5. Double volcano resonances.

In this section we consider the interaction between the two wells. As in section 4 we have
that for any 0< t < t? small enough the operator

P tν : Ht
2 −→ Ht

0 (5.1)

has discrete spectrum in a neighbourhood of 0 and so the boxJ := J (δ) is disjoint from
the essential spectrum ofP tν for some positiveδ small enough. Let

5t
ν = − 1

2π i

∮
∂J

(P tν − z)−1 dz 5t
ν : Ht

0 −→ Ht
2 (5.2)

be the spectral eigenprojection ofP tν on J .
We have that Ran5t

ν = 2 and then the double well operatorP tν has exactly two
eigenvaluesEν1(h̄) andEν2(h̄) in the boxJ for h̄ small enough. That is (see theorem 9
in [5]):

Theorem 7. For any 0< t < t? small enough, there exists ¯h0 > 0 andδ > 0 such that for
any h̄ ∈ (0, h̄0] and for any|ν| 6 e−C̃t?/h̄, the operatorP tν admits exactly two eigenvalues
Eν` := Eν` (h̄), ` = 1, 2, in the boxJ (δ).

Now, we are going to perform the asymptotic evaluation of these two eigenvalues and
of the associated eigenvectors8ν

`(x; h̄). Besides, we give a criterion of localization where:

Definition. Let 11B(x`,r) be the characteristic function on a fixed neighbourhoodB(x`, r) of
the well{x`} wherer > 0 is fixed and small enough. The resonant state associated toEν` (h̄)

is delocalized (on both wells) if there exist two positive constantsρ := ρ(r) andC := C(r)

independent of ¯h such that:∣∣∣∣‖11B(xj ,r)8
ν
`‖Ht

0
− 1√

2

∣∣∣∣ 6 Ce−ρ/h̄ j = 1, 2 (5.3)

for h̄ small enough. The resonant state associated toEν` (h̄) is localized (on the well{x`})
if there exist two positive constantsρ := ρ(r) andC := C(r) independent of ¯h such that:

|‖11B(xj ,r)8
ν
`‖Ht

0
− δ

j

` | 6 Ce−ρ/h̄ j = 1, 2 (5.4)

for h̄ small enough.

That is, we have localization when each resonant state is asymptoticallyconcentratein
a small neighbourhood of one well. In contrast, we have delocalization when each resonant
state is asymptoticallyconcentratein a small neighbourhood of both wells.

Let

vν` := 5t
νχ`ϕ

ν
` (5.5)

be two vectors of Ran5t
ν whereχ` areC∞

0 (Rn, [0, 1]) functions such that

χ2 = Sχ1 (5.6)

and whereχ1 is defined in the following ways:
S sub-critical case: χ1 ≡ 0 onB(x2, η) andχ1 ≡ 1 outsideB(x2, 2η);
H hypercritical case: χ1 ≡ 0 onB(x2, S − 2η) andχ1 ≡ 1 outsideB(x2, S − η);

whereη > 0 has been previously defined. Thus,χ`V` ≡ 0. The different choices for the
two cases will be justified in lemmas 8 and 11 below.

Let us stress that in the hypercritical caseH there exists a fixedε0 > 0 such that

ϕν1(x; h̄) = O(e−(S+ε0)/h̄) ash̄ → 0 (5.7)
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uniformly on the closure ofB(x2, S) since (3.13) and remark 6. The same behaviour holds
for ϕν2 uniformly on the closure ofB(x1, S).

Now, we have that the two vectorsvν` form a basis of Ran5t
ν ; in fact:

Lemma 8. Let

cν` := (vν` , v
ν
` ) ` = 1, 2 (5.8)

and

dν := (vν1, v
ν
2) = (vν2, v

ν
1). (5.9)

In the sub-critical caseS we have that:

cν` = 1 + Õ(e−2S0/h̄) dν = Õ(e−S0/h̄) ash̄ → 0. (5.10)

In the hypercritical caseH there existsε0 > 0 such that

cν` = 1 + O(e−(S0+2ε0)/h̄) dν = O(e−(S0+2ε0)/2h̄) ash̄ → 0. (5.11)

Proof. We can write:

vν` = 5t
νχ`ϕ

ν
` = χ`ϕ

ν
` + Rν` (5.12)

whereRν` is the vector belonging toHt
0 defined as

Rν` = −h̄2

2πi

∮
∂J

(zν` − z)−1(P tν − z)−1[1,χ`]ϕ
ν
` dz. (5.13)

In the sub-critical caseS we have

‖[1,χ`]ϕ
ν
`‖Ht

0
= Õ(e−S0/h̄) ‖Rν`‖Ht

0
= Õ(e−S0/h̄) (5.14)

ash̄ goes to zero since (4.12) and the definition ofχ`. In the hypercritical caseH we have
the different behaviour as ¯h goes to zero:

‖[1,χ`]ϕ
ν
`‖Ht

0
= O(e−(S0+2ε0)/2h̄) ‖Rν`‖Ht

0
= O(e−(S0+2ε0)/2h̄) (5.15)

for someε0 > 0 since (5.7), the definition ofχ` and 2S = S0. From now on the proof
simply follows the one of lemma 11 in [5]. �

Remark 9. From the asymptotic behaviours (5.10) and (5.11) it follows that the two vectors
vν` are linearly independent and so they form a basis of Ran5t

ν . Such a basis can be put in
orthonormal form{uν1, uν2} (in the sense that(uν`, u

ν
j ) = δ`j ) where:(

uν1
uν2

)
= Aν

(
vν1
vν2

)
. (5.16)

Since lemma 8, the matrixAν is such that:

Aν =
(

1 + Õ(e−2S0/h̄) Õ(e−S0/h̄)

Õ(e−S0/h̄) 1 + Õ(e−2S0/h̄)

)
ash̄ → 0

in the sub-critical caseS and

Aν =
(

1 + O(e−(S0+2ε0)/h̄) O(e−(S0+2ε0)/2h̄)

O(e−(S0+2ε0)/2h̄) 1 + O(e−(S0+2ε0)/h̄)

)
ash̄ → 0

in the hypercritical caseH. By construction, we have that:

u = (u, uν1)u
ν
1 + (u, uν2)u

ν
2 ∀u ∈ Ran5t

ν. (5.17)
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Now, we are ready to explicitly compute the two resonancesEν1(h̄) andEν2(h̄) as the
eigenvalues of the restriction of the operatorP tν on Ran5t

ν . That is, they are the eigenvalues
of the matrix

Mν :=
(
αν1 βν

βν αν2

)
(5.18)

where

αν` := (P tνu
ν
`, u

ν
`) (5.19)

and

βν := (P tνu
ν
1, u

ν
2) = (P tνu

ν
2, u

ν
1). (5.20)

Hence:

Eν` (h̄) = 1
2(α

ν
1 + αν2)− (−1)`βν

√
1 + (pν)2 pν = αν1 − αν2

2βν
. (5.21)

The orthonormal eigenvectors of the matrixMν are given by

wν` = 1√
1 + (qν` )

2

(
1
qν`

)
qν` = −pν + (−1)`

√
1 + (pν)2 (5.22)

and then the eigenvectors8ν
`(x; h̄) of P tν associated toEν` (h̄) are given by

8ν
` = Aν

1,1 + qν`Aν
2,1√

1 + (qν` )
2
vν1 + Aν

1,2 + qν`Aν
2,2√

1 + (qν` )
2
vν2. (5.23)

Remark 10. Let us stress that we have delocalization in the sense of the above definition
when pν exponentially goes to zero as ¯h → 0, while we have localization whenpν

exponentially goes to infinity as ¯h → 0. In fact, vν` is localized, up to an exponentially
small correction as ¯h goes to zero, on a neighbourhood of the well{x`} since (5.12), (5.14),
(5.15) and remark 6. Moreover, whenp := pν goes to zero we have that

wν` = 1√
2 + O(p2)

(
1

(−1)` + O(p)
)

=
( 1√

2
(−1)`√

2

)
(1 + O(p)). (5.24)

While, when|p| goes to infinity we have that

wν1 = 1

1 + O(p−2)

(
1

− 1
2p

−1 + O(p−3)

)
=

(
1
0

)
(1 + O(p−1)) (5.25)

and

wν2 = 1

2p + O(p−1)

(
1

2p + O(p−1)

)
=

(
0
1

)
(1 + O(p−1)). (5.26)

Now, we compute the asymptotic behaviour of the elements ofMν :

Lemma 11. Let αν` andβν as above. In the sub-critical caseS we have

αν` = zν` + Õ(e−2S0/h̄) βν = µν(h̄)e−S0/h̄ + Õ(e−2S0/h̄) (5.27)

ash̄ goes to zero, whereµν(h̄) is real and such that

C−1h̄1/2 6 |µν(h̄)| 6 Ch̄1−n/2 (5.28)

for some positive constantC. In the hypercritical caseH there existsε0 > 0 such that

αν` = zν` + O(e−(S0+2ε0)/h̄) βν = O(e−(S0+ε0/2)/h̄) (5.29)

ash̄ goes to zero.
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Proof. The proof of this lemma essentially follows the one of lemma 13 in [5]; so we
briefly show the principal steps dropping out the details. In order to prove the asymptotic
behaviour ofαν` let us fix `, say` = 1, and we compute

P tνu
ν
1 = zν1u

ν
1 + (zν2 − zν1)Aν

1,2v
ν
2 + rν1 (5.30)

where

rν1 :=
2∑

j=1

Aν
1,j {−h̄2[1,χj ]ϕ

ν
j + (P tν − zνj )R

ν
j }. (5.31)

Therefore

αν1 = (P tνu
ν
1, u

ν
1) = zν1 + Õ(e−2S0/h̄) ash̄ → 0 (5.32)

in the sub-critical caseS since

(uν1, v
ν
2) = Õ(e−S0/h̄) and (uν1, r

ν
1 ) = Õ(e−2S0/h̄) (5.33)

as h̄ goes to zero from lemma 8 and remark 9. In full analogy, we obtain the asymptotic
behaviour ofαν` in the hypercritical caseH. As for the proof of the asymptotic behaviour of
βν in the sub-critical caseS we have that as ¯h goes to zero (see again the proof of lemma 13
in [5]):

βν = h̄2
∮
∂B(x2,2η)

[ϕν1∇ϕν2 − ϕν2∇ϕν1] · nd0 + Õ(e−2S0/h̄) (5.34)

wheren is the unit interior normal on∂B(x2, 2η). Since the minimal geodesics connecting
the wells are internal in̈O in the sub-critical caseS, then this integral can be asymptotically
evaluated using (4.14) and obtaining thus (5.27). In the hypercritical caseH we have that
(5.34) is replaced by

βν = h̄2
∮
∂B(x2,S−η)

[ϕν1∇ϕν2 − ϕν2∇ϕν1] · nd0 + O(e−(S0+ε0/2)/h̄). (5.35)

and so, since (4.14) and (5.7), the above behaviour ofβν follows. �
Now, we are ready to give a criterion of localization for the resonant state associated

to Eν` (h̄), ` = 1, 2, whereh̄ andν satisfy the conditions in theorem 7.

5.1. Symmetrical double volcano

We consider the semiclassical Schrödinger operator (3.1) with a symmetrical double volcano
potential. In such a case the above construction gives

v2 = Sv1 (5.36)

and

c := c1 = c2 (5.37)

becauseS is a symmetrical operator such thatS2 = 11 and commutes with complex
conjugation. Hence,u1 andu2 are given by

u1 = κv1 + ζv2 and u2 = ζv1 + κv2 (5.38)

whereκ andζ have the following behaviour in the sub-critical caseS

κ = c + √
c2 − d2

2(c2 − d2)
= 1 + Õ(e−2S0/h̄) ash̄ → 0 (5.39)
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and

ζ = − d

c + √
c2 − d2

= Õ(e−S0/h̄) ash̄ → 0. (5.40)

One can easily check that they are orthonormal and that

u2 = Su1 (5.41)

since (5.36). Hence,α := α1 = α2 and so the two resonances ofP in J are given by

E1,2(h̄) = α ± β. (5.42)

Thus, the splitting between the resonances is given by

E2(h̄)− E1(h̄) = 2β = 2µ(h̄)e−S0/h̄ + Õ(e−2S0/h̄) ash̄ → 0 (5.43)

and it is essentially real since lemma 11.
The associated eigenvectors ofM are given by

w1 =
( 1√

2
−1√

2

)
w2 =

( 1√
2

1√
2

)
(5.44)

and so we have delocalization like for the stable double well model (see [section 4.3.5, 7]).
Indeed, one can check that the eigenvectors ofP t associated toE`(h̄) are given by

8`(x; h̄) = 1√
2
(κ + (−1)`ζ )v1 + 1√

2
(ζ + (−1)`κ)v2

= 1√
2

[χ1ϕ1 + (−1)`χ2ϕ2] + Õ(e−S0/h̄) ash̄ → 0.

The same delocalization result holds for the hypercritical caseH too.

5.2. Symmetrical double volcano with internal perturbation

We consider now the semiclassical Schrödinger operatorPν where the bounded perturbation
W which causes the breakdown of the symmetry isinternal (see figure 2). That is, lets` be
the Agmon distance between the well{x`} and the support ofW ; s` > 0 because the support
of W does not intersect the wells. We assume that the perturbation is actually asymmetric
in the sense that

s1 < s2 (5.45)

and it is internal in the sense that

s1 < S. (5.46)

Let Ar := B(x1, s1 + r) ∩ W, wherer > 0 is such that

int(Ar) 6= ∅. (5.47)

We can state the following:

Theorem 12. Let W be a bounded internal perturbation, let ¯h ∈ (0, h̄0] with h̄0 > 0 small
enough and let|ν| 6 e−C̃t?/h̄. If s1 > 1

2S0 then the resonant state ofPν associated toEν` (h̄),
` = 1, 2, is delocalized. Ifs1 < 1

2S0, if ν is such that−h̄ ln |ν| < a, wherea < S0 − 2s1 is
independent of ¯h, and if there existsr > 0 such thatAr ⊂ �1, then the resonant state of
Pν associated toEν` (h̄) is localized.
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Figure 2. Graph of a one-dimensional double volcano potential with internal perturbation
(broken curve denotes the symmetric unperturbed double volcano).

Proof. In order to prove the delocalization result whens1 > 1
2S0 (which is possible only

in the sub-critical caseS) we stress that (4.12), remark 5 (wheres = s1), remark 10 and
lemma 11 imply, as ¯h goes to zero, that

(Wϕ`, ϕ`) = Õ(e−2s`/h̄) ` = 1, 2 (5.48)

and

|ν((P̃ tν − z̃)−1Wϕ`,Wϕ`)| = |ν|Õ(e−2(s`−C2t)/h̄) = O(e−2(s1+λ)/h̄) (5.49)

for someλ > 0 since|ν| 6 e−C̃t?/h̄. Thus

pν = ν
Õ(e−(2s1−S0)/h̄)+ Õ(e−S0/h̄)

2µν(h̄)
ash̄ → 0 (5.50)

which goes to zero as ¯h → 0 sinces1 > 1
2S0, so proving the delocalization result.

In order to prove the localization result in the cases1 < 1
2S0 let us stress that (4.14)

holds for anyx ∈ Ar sinceAr ⊂ �1, and so, using also (5.47), we have that for anyε > 0
there existsCε > 0 such that

|(Wϕ1, ϕ1)| =
∣∣∣∣ ∫

Ar

W(x)ϕ2
1(x) dx + Õ(e−2(s1+r)/h̄)

∣∣∣∣ (5.51)

> 1

Cε
e−(2s1+ε)/h̄ (5.52)

for small h̄. Moreover, choosingε > 0 such thats2 > s1 + ε then

(Wϕ2, ϕ2) = Õ(e−2(s1+ε)/h̄) ash̄ → 0. (5.53)

Thus, in the sub-critical caseS, from theorem 3, remark 5, lemma 11 and (5.49) follows
that there existsε > 0 such that

|pν | > |ν|e−(2s1+ε)/h̄

2Cε |µν(h̄)|e−S0/h̄
> |ν|C̃εh̄n/2−1e(S0−2s1−ε)/h̄

> |ν|C̃εh̄n/2−1ea/h̄ (5.54)

for h̄ small enough and for some positive constantC̃ε . Therefore,pν exponentially goes to
infinity as h̄ goes to zero sincea + h̄ ln |ν| > 0 and so we have localization as ¯h → 0.
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Finally, in the hypercritical caseH, (5.54) is replaced by

|pν | > |ν|e−(2s1+ε)/h̄)
2Cε |βν | = |ν| e−(2s1+ε)/h̄)

2CεO(e−(S0+ε0/2)/h̄)
ash̄ → 0 (5.55)

and then the localization result still follows in the same way sinceS0 = 2S > 2s1. �

Remark 13. Let us stress that when we have localization, i.e.s1 <
1
2S0, the splitting

between the two resonances is still essentially real as forν = 0 and moreover it increases
when the asymmetric perturbation is switched on:

|Eν2(h̄)− Eν1(h̄)| =
∣∣∣∣√(αν1 − αν2)

2 + (2βν)2
∣∣∣∣ > Ce−(2s1+ε)/h̄ (5.56)

ash̄ goes to zero.

Remark 14. Let us stress that the results given in theorem 12 are still true for a perturbation
W such that the distances between the wells and the support ofW coincide:

s1 = s2 (5.57)

and where the breakdown of the symmetry is performed by assuming

SW = −WS. (5.58)

In such a case, the proof of the theorem 12 is essentially the same where now the behaviour
(5.52) holds for(Wϕ2, ϕ2) too and so in (5.54) we haveCε instead of 2Cε .

5.3. Symmetrical double volcano with external perturbation

We consider now the semiclassical Schrödinger operatorPν where the bounded perturbation
which causes the breakdown of the symmetry isexternal (see figure 3). That is

W ∩ Ö = ∅. (5.59)

In order to discuss a delocalization criterion let us recall that the eigenfunctionsϕ`(x; h̄)
have the behaviour:

ϕ`(x; h̄) = Õ(e−S/h̄) ∀x ∈ U ash̄ → 0 (5.60)

Figure 3. Graph of a one-dimensional double volcano potential with external perturbation
(broken curve denotes the symmetric unperturbed double volcano).
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and thus

zν` (h̄) = z̃(h̄)+ νÕ(e−2S/h̄) ash̄ → 0 (5.61)

by theorem 3. Therefore, we can state the following delocalization result:

Theorem 15. Let W be a bounded external perturbation. Then, in the sub-critical caseS
the resonant state ofPν associated toEν` (h̄), ` = 1, 2, is delocalized for anyν.

Proof. From lemma 11 and (5.61) it immediately follows that

pν = νÕ(e−(2S−S0)/h̄) ash̄ → 0 (5.62)

which exponentially goes to zero since 2S > S0 in the sub-critical caseS. �
Now, in order to give a criterion of localization we impose some restriction on the

class of external perturbationsW admitted. More precisely, we assume the perturbation
given byW = w11W wherew(x) is a positive real-valuedC∞(Rn) function, 11W is the
characteristic function onW andW is a compact subset ofRn with smooth boundary and
satisfying (5.59). Moreover, for the sake of simplicity, let us assume that there exists a
unique geodesicγ` connecting each well{x`} with ∂Ö and letx̃` ∈ ∂Ö be the endpoint of
this geodesic. Theñx` is a point of type 1 in the sense of [8]: that isx̃` ∈ B(x`, S) ∩ ∂Ö.
Let γ̃` be the bicharacteristic curve starting from̃x` and contained inU . We now introduce
a system of local coordinatesx = (q ′, qn) whereqn ∈ R+ is the coordinate oñγ` and where
q ′ = (q1, . . . , qn−1) ∈ Rn−1 is the system of coordinates of the hyperplane orthogonal toγ̃`
at qn. Then the eigenfunctionϕ` has the following form forx belonging to a neighbourhood
V` of {γ̃`(s) : 0< s 6 s?} for s? small enough (see section 10 in [8]):

ϕ`(x; h̄) = e−S/h̄ϕ̃`(x; h̄) ϕ̃`(x; h̄) = a`(x; h̄)h̄−n/4e−f`(x)/h̄ (5.63)

wheref` = f 1
` + if 2

` with f 1
` andf 2

` real and analytic anda` is the realization of an elliptic
symbol. Moreover we have that:

0 6 f 1
` (x) 6 C`|q ′|2 f 1

` (x) > 0 if q ′ 6= 0 (5.64)

and

f 2
` (x) = c`(x)[qn + d`(q

′)]3/2 c`(x) > C` |d`(q ′)| 6 C`|q ′|2 (5.65)

for some positive constantC`. From these behaviours and by assuming that the support of
W is contained inV1 and disjoint fromV2 we have that

(Wϕ2, ϕ2) = O(e−2(S+ε0)/h̄) ash̄ → 0 (5.66)

for someε0 > 0 since (4.13), and

(Wϕ1, ϕ1) = h̄−n/2e−2S/h̄
∫

W
w(x)a2

1(x; h̄)e−2f1(x)/h̄ dx. (5.67)

In order to estimate this integral we make the further assumption that (see figure 4)

∂W ∩ γ̃1 = {α1, . . . , αN } transversely (5.68)

and we stress that∇f1 6= 0 onW since (5.65). Thus, by integrating (5.67) by partsm times
we obtain forh̄ small enough

(Wϕ1, ϕ1) = e−2S/h̄h̄−n/2
[ ∫

∂W
Gme−2f1/h̄ d0 + O(h̄m+1)

]
(5.69)

where

Gm :=
m−1∑
s=0

(−h̄)s+1gs (5.70)
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andgs = us · n, n is the unit exterior normal to∂W, u0 = − 1
2

∇f1

|∇f1|2wa
2
1 andus is defined

asus = − 1
2

∇f1

|∇f1|2 ∇ · us−1. Finally, sincef 1
1 |∂W take its minimum value in correspondence

of the points{α1, . . . , αN } we obtain the asymptotic behaviour of (5.67) as ¯h goes to zero.
More precisely, by assuming for the sake of simplicity that the unit external normaln to
∂W in αj is tangent to the bicharacteristic curveγ̃` and thatf 1

1 |∂W has non-degenerate
minima in the pointsαj , it follows that [section XI.5, 14]:∫

∂W
Gme−2f1/h̄ d0 = h̄(n+1)/2

N∑
j=1

e−icj /h̄bj (1 + O(h̄)) (5.71)

wherecj are real and positive constants given by

cj = 2f 2
1 (αj ) = 2[qn(αj )]

3/2c(αj ) (5.72)

andbj are complex constants different from zero given by

bj = (2π)(n−1)/2| detAj |−1/2g0(αj )e
iπσj /4 (5.73)

whereAj is the Hessian matrix off 1
1 in αj andσj is the signature ofAj .

Figure 4. In the external perturbation case the bicharacteristic curveγ̃1 transversally crosses
the supportW of the perturbation.

Finally, choosingm > (n− 1)/2, we obtain:

(Wϕ1, ϕ1) = e−2S/h̄q1(h̄) (5.74)

where

q1(h̄) := h̄1/2
N∑
j=1

e−icj /h̄bj (1 + O(h̄)) ash̄ → 0. (5.75)

Thus we have proved the following:

Lemma 16. Let W = w11W be a bounded external and asymmetric perturbation as defined
above, letγ̃` be the bicharacteristic curve and letV` be a small enough neighbourhood
of {γ̃`(s) : 0 < s 6 s?} for s? small enough. IfW ⊂ V1, W ∩ V2 = ∅ and
∂W ∩ γ̃1 = {α1, . . . , αN } transversely then there existsλ > 0 such that

zν2(h̄) = z̃(h̄)+ O(e−(2S+λ)/h̄) ash̄ → 0 (5.76)

and

zν1(h̄) = z̃(h̄)+ νe−2S/h̄q1(h̄)+ νÕ(e−9S/4h̄) ash̄ → 0. (5.77)
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Proof. The proof follows from the above computations, from theorem 3 and from the
bound

|((P̃ νt − z)−1Wϕ1,Wϕ1)| = |e−2S/h̄((P̃ νt − z)−1Wϕ̃1,Wϕ̃1)| (5.78)

= O(e−2S/h̄e2C2t/h̄). (5.79)

Then, since|ν| 6 e−C̃t?/h̄ the above behaviour holds. �

Remark 17. From lemma 16 and since the coefficientsbj are different from zero it follows
that q1(h̄) admits a strongly oscillating behaviour as ¯h goes to zero. Letm > 0 and 0< c

be fixed and letM := M(m, c) be the set of 0< h̄ < h̄0 such that

ch̄m+1/2 6 |q1(h̄)|. (5.80)

From (5.75) we have that 0∈ M since the coefficientsbj are different from zero. Moreover,
for a large class of models we have thatM = (0, h̄0] for someh̄0 > 0 and somem > 0 and
c > 0.

Finally, we can state the following theorem:

Theorem 18. Let W := w11W be a bounded external and asymmetric perturbation such
that W is a compact subset ofRn with smooth boundary,w(x) is a positiveC∞ function,
W ∩ V2 = ∅, W ⊂ V1 and∂W ∩ γ̃1 = {α1, α2, . . . , αN } transversely. Let ¯h ∈ (0, h̄0] with
h̄0 small enough. Then, in the hypercritical caseH there existsε0 > 0 such that for any
m > 0 andc > 0 and for any ¯h ∈ M(m, c) and any|ν| 6 e−C̃t?/h̄ such that−h̄ ln |ν| < 1

2ε0

the resonant state ofPν associated toEν` (h̄), ` = 1, 2, is localized.

Proof. Since lemma 11 and lemma 16 we have that there existsε0 > 0 andλ > 0 such
that

pν = ν
q1(h̄)e−2S/h̄ + O(e−(2S+λ)/h̄)

O(e−(S0+ε0/2)/h̄)
ash̄ → 0 (5.81)

whereS0 = 2S in the hypercritical caseH. Thuspν exponentially goes to infinity as ¯h goes
to zero inM(m, c) since−h̄ ln |ν| < 1

2ε0 and |q1(h̄)| > ch̄m+1/2. �

Remark 19. Let us stress that we can always imposeC̃t? < 1
2ε0 by means of a possible

reduction of t? becauseε0 does not depend ont . Moreover, we have that the same
localization result is still true even in the following case:

SW = −WS (5.82)

and with∂W that transversely intersects the bicharacteristic curves andW ⊂ V1 ∪ V2.

Remark 20. Let us stress that when we have the localization condition the splitting between
the resonances is no more essentially real as in the internal perturbation case and it is given
by

Eν2(h̄)− Eν1(h̄) = (αν2 − αν1)
√

1 + (pν)−2

= −ν[q1(h̄)e
−2S/h̄ + O(e−(2S+λ)/h̄)](1 + O((pν)−2))

for someλ > 0, from (5.21), lemmas 11 and 16. Thus, the absolute value of the splitting
has the same magnitude of the one of the unperturbed case (sinceS0 = 2S) but with
the following peculiarity: there is also an imaginary part of the splitting which could be
dominant with respect to the real part and moreover, for some value of ¯h, the splitting is
purely imaginary.
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Remark 21. Actually the fact that d(W,Ö) (d denotes the Euclidean distance onRn) is
small is not essential: the same proof works if d(W,Ö) is large under the condition that
the bicharacteristic curvẽγ` which intersectsW does not develop caustics (insideW and
betweenW and Ö). If it does, the result is still probably true, and could be proven by
using an FBI transformation which in some sense eliminates the caustics in the same spirit
as [10].

5.4. Stark double volcano with external perturbation

Let us consider now the case of a further perturbation given by means of a bounded Stark
effect, that is:

Pν,f := Pf + νW Pf := P + fVS (5.83)

where|f | 6 Ch̄2 for someC > 0 andVS is a real-analytic Stark type potential such that
VS(x1) 6= VS(x2), for instanceVS(x1) = −VS(x2) 6= 0, andVS bounded; for instance

VS(x) = x1√
1 + (x1)2

. (5.84)

Sincef is small together with ¯h we don’t care about the fact that the shape of the island
associated to the potential ofPf could be slightly different from the one of the island
associated to the potential ofP . Similarly, we can identify the Agmon distance ofPf
with the one ofP . Let us fix ourselves in the hypercritical caseH and we make the same
assumptions onW as in theorem 18. One can check that the single well resonance of
Pν,f,` := Pν,f + V` is given by

z
ν,f

` (h̄) = zν` (h̄)+ fVS(x`)+ O(f 2). (5.85)

From this and from lemma 11 the two resonancesE
ν,f

` (h̄) of Pν,f are given by

E
ν,f

` (h̄) = z
ν,f

1 (h̄)+ z
ν,f

2 (h̄)

2
+ (−1)`βν,f

√
1 + (pν,f )2 + O(e−(S0+2ε0)/h̄)

for someε0 > 0, where

pν,f = z
ν,f

1 (h̄)− z
ν,f

2 (h̄)

2βν,f

= zν1(h̄)− zν2(h̄)+ 2fVS(x1)+ O(f 2)

2βν

= νh̄−n/2q1(h̄)e−2S/h̄ + 2fVS(x1)+ O(f 2)

O(e−(S0+ε0/2)/h̄)
.

We have the following picture: forlarge f , that is ln|f | > −S0/h̄, we always have
localization for anyν. For small f , that is ln|f | < −S0/h̄, the localization criterion is
the one given in theorem 18 as for asf = 0, i.e. we have localization for anyν such that
−h̄ ln |ν| < 1

2ε0.
Now, let

I := I (c,m) = {h̄ > 0 : |=q1(h̄)| > ch̄m+1/2} c > 0, m > 0. (5.86)

From lemma 16 we have that 0∈ I (c,m) for any c andm and that

lim
h̄0→0

λ[(0, h̄0) ∩ I (c,m)]
h̄0

= 1 (5.87)
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for any c > 0 andm > 2, whereλ denotes the usual Lebesgue measure onR. For fixedc
andm let us now consider ¯h ∈ I (c,m) fixed and small enough. Then, there exists a real
value of f̃ := f̃ (ν, h̄), with ln |f̃ | 6 −S0/h̄, such that

<(zν,f̃1 − z
ν,f̃

2 ) = 0 (5.88)

and sozν,f̃1 − z
ν,f̃

2 is purely imaginary with imaginary part given by

=(zν,f̃1 − z
ν,f̃

2 ) = ν[e−2S/h̄=q1(h̄)+ O(e−(2S+λ)/h̄)] (5.89)

for someλ > 0, since lemma 16. Thus,

|pν,f̃ | > ν
Ch̄m+1/2−n/2e−2S/h̄

O(e−(S0+ε0/2)/h̄)
(5.90)

for someC, which is much greater than 1 sinceε0 > 0, −h̄ ln |ν| < 1
2ε0 andh̄ � 1. Then,

for h̄ ∈ I (c,m) and f near tof̃ we still have localization as in the case of absence of
the Stark effect but with the following peculiarity: the splitting between the resonances is
purely imaginary, i.e.

E
ν,f̃

1 (h̄)− E
ν,f̃

2 (h̄) = −iν[=q1e−2S/h̄ + O(e−(2S+λ)/h̄)](1 + O((pν,f̃ )−2)).

We can summarize this result as follows:

Theorem 22. Let the hypotheses of theorem 18 be satisfied. Then, in the hypercritical case
H for any h̄ ∈ I (c,m) and ν small enough there existsf := f (ν, h̄) such that we have
localization forPν,f and the real part of the splitting between the two resonancesE

ν,f

1 (h̄)

andEν,f2 (h̄) is zero.

In such a case we have the splitting instability when the symmetry of the double-well
potential is broken by means of the external perturbationW and the Stark effect.

Appendix

In this appendix we introduce the Hilbert spacesHt
s of Helffer–Sj̈ostrand [8] and we state

some basic results about them. We assume thatV is a real-valued potential satisfying to
the following hypotheses:

Hypothesis 1. V ∈ C∞(Rn) and it admits an analytic extension outside a real compact set
of Rn; more preciselyV is holomorphic in the region

R := {z ∈ Cn : |<z| > R and |=z| < δ|<z|} (A.1)

for someδ > 0 andR > 0.

Hypothesis 2. There exists an integerk > 0 and a positive constantC such that

|V (z)| 6 C|<z|k ∀z ∈ R. (A.2)

Hypothesis 3. There exists a real-valued functionG ∈ C∞(Rn
x × Rn

ξ ) such that

∂αx ∂
β

ξ G(x, ξ) = O(|x|1−|α|r(x, ξ)1−|β|) ∀α, β ∈ N (A.3)

wherer(x, ξ) := [〈<x〉k + 〈<ξ〉2]1/2, 〈u〉 := [1 + |u|2]1/2, and such that

2ξ · ∇xG− ∇xV · ∇ξG > C|x|k (A.4)

for any (x, ξ) belonging to{(x, ξ) ∈ U × Rnξ : ξ2 + V (x) = 0}, for some positive constant
C.
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One can see that the function−G(x,−ξ) also satisfies hypothesis 3, and therefore the
same is true forG(x, ξ)−G(x,−ξ). Thus, without loss of generality, we can assume from
now on thatG(x, ξ) = −G(x,−ξ), and also that for any compactK the set

∪x∈K suppG(x, ·) (A.5)

is compact.
We define, fort ∈ R:

3tG := {(x, ξ) ∈ C2n : =x = t∇ξG(<x,<ξ) =ξ = −t∇xG(<x,<ξ)}
and foru ∈ C∞

0 (Rn)

T u(x, ξ ; h̄) :=
∫

Rn

e[i(x−y)ξ− r(x,ξ)

〈<x〉 (x−y)2]/h̄aχ

(<x − y

〈<x〉
)
u(y) dy

whereχ ∈ C∞
0 (Rn) has value 1 near 0 and is supported in a sufficiently small neighbourhood

of 0 (say the ball with centre 0 and of diameterδ 6 1/2) and

a := a(x, y, ξ) = 〈ξ〉n/4〈x〉−n/4
(

1,
y

〈x〉
)
. (A.6)

ThenHt
s := Ht

s (G) is defined as the closure ofC∞
0 (Rn) with respect to the norm:

‖u‖Ht
s (G)

:= ‖r(x, ξ)sT u(x, ξ ; h̄)‖L2(3tG;e−2tH/h̄ d<x d<ξ) (A.7)

whereH is the real-valued function defined as

H(x, ξ) := G(<x,<ξ)− <ξ · ∇ξG(<x,<ξ). (A.8)

It allows from the definition thatHt
s ⊂ Ht

s ′ if s > s ′, and thatu ∈ Ht
0 if, and only if,

ū ∈ H−t
0 . Moreover, theL2(Rn) scalar product onC∞

0 (Rn) × C∞
0 (Rn) can be extended

to a continuous map fromHt
0 × H−t

0 to C. In particular, the quantity〈u, ū〉Ht
0×H−t

0
is well

defined foru ∈ Ht
0.

Now, denotingµ(x, ξ) = r(x,ξ)

〈<x〉 , we have for(x, ξ) ∈ 3tG:

−tH(x, ξ)+ i(x − y)ξ − µ(x, ξ)(x − y)2 = −G̃t (x, ξ)− i=x=ξ

+i(<x − y)(<ξ − 2µ(x, ξ)=x)− µ(x, ξ)

(
<x + =ξ

2µ(x, ξ)
− y

)2

with

G̃t (x, ξ) := tG(<x,<ξ)+ t2µ(x, ξ)(∇ξG)
2 + t2

4µ(x, ξ)
(∇xG)

2. (A.9)

As a consequence, using the change of variables:
ξ̃ = <ξ − 2µ(x, ξ)=x
x̃ = <x + =ξ

2µ(x, ξ)
= <x + O(t〈<x〉) (A.10)

we see that the norm‖ · ‖Ht
s (G)

is uniformly equivalent to the norm:

‖u‖Ht
s

:= ‖r(x̃, ξ̃ )s T̃ u(x̃, ξ̃ ; h̄)‖L2(R2n;e−2H̃t (x̃,ξ̃ )/h̄ dx̃ dξ̃ ) (A.11)

whereT̃ differs from T only by the cut-offχ , andH̃t is deduced fromG̃t by a change of
variable (A.10). In particular, by (A.9) we have

H̃t (x̃, ξ̃ ) = tG(x̃, ξ̃ )+ O(t2r(x̃, ξ̃ )〈x̃〉). (A.12)

Now, letW ∈ L∞(Rn) be compactly supported, and consider the operator (still denoted
by W ) of multiplication byW acting onHt

0. We have:
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Lemma A1. Let V be a double-well potential as in section 3 satisfying to hypotheses 1–3
and letHt

s be the above Hilbert space. Then, fort > 0 small enough andδ := diam suppχ
small enough the operator

W : Ht
0 −→ Ht

0 (A.13)

is bounded with bound

‖W‖L(Ht
0)

= O(1) (A.14)

uniformly with respect to ¯h if suppW × Rn∩ suppG = ∅; or

‖W‖L(Ht
0)

6 C1eC2t/h̄ (A.15)

for some positive constantsC1 andC2 independent oft andh̄ if suppW ×Rn∩suppG 6= ∅.

Remark A2. Actually, one can prove that (A.14) is true under the more general condition:
WFa(W)∩ suppG = ∅, whereWFa(W) denotes the analytic wave-front set ofW (see e.g.
[13]).

Proof. We work with the norm defined in (A.11). By construction we see that(T̃ Wu)(x̃, ξ̃ )

vanishes forx̃ outside some compact setK sinceW has compact support. Moreover, for
x̃ ∈ K we have thattG(x̃, ξ̃ ) = H̃t (x̃, ξ̃ ) = 0 for ξ̃ outside some other compact setK ′ since
(A.5). Also, takingt and δ small enough, we see thatK can be taken inside an arbitrary
neighbourhood of suppW . Then, we write

‖Wu‖2
Ht

0
= ‖T̃ Wu‖2

L2(K×K ′,e−2H̃t /h̄ dx̃ dξ̃ )
+ ‖T̃ Wu‖2

L2(K×K ′C,dx̃ dξ̃ )
(A.16)

whereK ′C := Rn
ξ − K ′ and whereH̃t is O(t) on K × K ′ since (A.12). Thus, we deduce

from (A.16):

‖Wu‖Ht
0
6 C ′

1eC
′
2t/h̄‖T̃ Wu‖L2(K×Rn,dx̃ dξ̃ ) (A.17)

and it is not difficult to show the existence ofα(h̄), β(h̄) > 0 such that (see [8])

α(h̄)‖u‖L2(Rn) 6 ‖T̃ u‖L2(R2n) 6 β(h̄)‖u‖L2(Rn)

1

C
6 α(h̄)

β(h̄)
6 1 (A.18)

for some positive constantC independent of ¯h. As a consequence, we deduce from (A.17):

‖Wu‖Ht
0
6 β(h̄)C ′

1eC
′
2t/h̄‖W‖L∞‖u‖L2(K) (A.19)

and the same argument as for (A.18) gives the existence of a compact setK̃ such that

‖u‖L2(K) = O
(

1

α(h̄)
‖T̃ u‖L2(K̃×Rn)

)
(A.20)

uniformly. Since alsoH̃t = O(t) on K̃ × Rn, we deduce from (A.18), (A.19) and (A.20)
that

‖Wu‖Ht
0
6 C1eC2t/h̄‖T̃ u‖L2(K̃×Rn,e−2H̃t /h̄ dx̃ dξ̃ ) (A.21)

from which (A.15) follows. Now, if we assume suppW × Rn ∩ suppG = ∅, we get by
taking t andδ sufficiently small:K × Rn ∩ suppG = ∅. Then (A.16) gives

‖Wu‖Ht
0
6 ‖T̃ Wu‖L2(K×Rn) (A.22)

and thus as for (A.19):

‖Wu‖Ht
0
6 β(h̄)C1‖u‖L2(K). (A.23)

Applying (A.20) and noticing thatK̃ can be taken inside an arbitrary neighbourhood ofK

(so that in particular one can imposẽK × Rn ∩ suppG = ∅), we get (A.14) as before.�
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